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5. CONCLUSIONS 

We have discussed a metric which allows a four
parameter isometry group G4IV. When this metric; 
is used in Einstein's field equations with a dust 
energy-momentum tensor, one finds solutions only 
for a tachyon dust. The solutions are static and have 
singularities on timelike hypersurfaces. Our solu
tions do not, of course, prove anything concerning the 
existence or nonexistence of tachyon dust in nature. 
What they do show is that the Einstein field equations 
have solutions for such a hypothetical dust. In fact 

1 i,j, k·· 'are tensor indices which take on the values 1,2,3,4. 
a, b, c, ... label the Killing vectors, infinitesimal operators, etc. 
For a four-parametric group these also take on the values 1,2, 
3,4. We choose the signature (+, +, +, -). Also we use units 
with c = 1, 81Tk = 1, where c is the speed of light in vacuum 
and k is the Newtonian gravitational constant. 

the metric we conSidered has solutions only for this 
type of dust. 
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We consider the three-dimensional quantum mechanical problem of nonrelativistic potential scattering, where 
the Hamiltonian is H2 = HI + V = Ho + Vc + V;Ho is the free particle Hamiltonian, Vc is the Coulomb poten
tial,and V(x) is a real-valued potential function defined for x E R3. We show the existence of the wave opera
tors W±(H2,HD ) = s-lim eiH,te-iHD(t) on L2(R3) for V = V2 + V', where V 2 E L2(R3), V' E L OO(R3) n LP(R3) 
(p < 3),and e-iHD(t) is the family of unitary operators lIsed by Dollard to show the existence of the wave 
operators W± (H 1> Hn ) appropriate for the pure Coulomb case. If V is spherically symmetric then W, (H 2' HD ) are 
shown to be absolutely continuous complete. If in addition VIr) is continuous in (0,00), then W, (H 2' Hn ) are con
tinuous complete. In both cases S = W ~W_ is unitary. The connection between the more physical, time-depen
dent wave operator approach and the traditional time-independent method is made, and phase shift formulas are 
obtained for the wave and scattering operators. 

INTRODUCTION 

One of the first problems to be explicitly solved in 
nonrelativistic quantum mechanics was the Coulomb 
scattering problem by the time-independent eigen
function expansion method. 1 Scattering solutions are 
obtained by imposing certain asymptotic conditions 
on the solutions <l>i(x,q) of the partial differential 
equation (- t:. + Vc - k2)<l>t = 0 (see Appendix A). 
Throughout this paper, x and q will be used to denote 
elements of R3 while y and k will denote their magni
tudes. 

Let us consider the three-dimensional nonrelativis
tic system described by the Hamiltonian H 2 = H 0 

+ Vc + V = H 1 + V, where H 0 is the free particle 
Hamiltonian, Vc is the Coulomb potential, and V is a 
real-valued potential function. Hi (i = 0,1,2) act in 
the Hilbert space X = L2(R3). Recently the existence 
of certain modified wave operators 

W (H H) - -1' iH2t -iHD(t) 
± 2' D - ~ .... /~ e e 

appropriate for systems where the potential function 
is asymptotically Coulomb was shown by Dollard,2 
thus establishing a more physical time-dependent 
description of the scattering process. Furthermore, 
when the potential is pure Coulomb,Dollard2 showed 
the absolutely continuous spectrum completeness 
(also continuous spectrum completeness) of the wave 
operators W± (H l' HD ) and established the relation be
tween the customary scattering solutions of the time
independent theory. Support for the acceptance of the 
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wave operators W±(H l' HD ) as the appropriate ones 
for the description of the pure Coulomb scattering 
process is given by the following facts 2,3: 

(1) Let P 1 be the projection on the continuous spec
trum subspace of H l' For any vector f E P 1X there 
exists vectors g ± E X such that 

lim II e- iHlt f - e-iHD(t)g II = O. 
t-+-± 00 ± ± 

Conversely, for every g E X there exist vectors 
hEX such that 

lim II e-iHl t f± - e-iHD(t)g II = o. 
t-+±oo 

This implies the existence of the wave operators 
W±(H 1,HD ). 

Furthermore 

lim iB 1 e-iH1tj(x) 1
2dx = 0 

t-+±oe 

for any compact subset B of R 3, so that indeed e-Hl t f 
behaves as a traveling wavepacket. 

(2) The momentum and pOSition probability distribu
tions of the vector e-iHD(t)g+(e-iHD(t)g_) in the t ~ + 0Cl 

(t ~ - 0Cl) limit are the same as those of the vector 
e-iHotg+ (e-iHotgJ. 

The momentum distribution of e-iHo t h is just I ho (k) 12 
and the position probability distribution is given by 
(m/t)3Iho(mx/t) 12 as t approaches ± rx; (h o is the 
three-dimensional Fourier transform of h). 
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(3) (Wig) (X) = J <Pi (x, q)go(q)dq = fi (X) and the time 
evolution C-iHj t ~ is given by fi (x, t) = J <P i(x, q) x 
C-ik2tgO(q)dq thus allowing the identification of the 
variable q occurring in <P'j(x, q) as the asymptotic 
(t -; ± (0) momentum index. 

In this article we obtain results similar to those of 
Dollard for a system described by the Hamiltonian H 2' 
In Sec. 2 we extend Dollard's existence proof for 
W ± (H 2' HD ) to include a larger class of potentials (not 
necessarily spherically symmetric), which include 
potentials behaving as r-l-( as r --'> 00 (E > 0). In the 
case when V is spherically symmetric, we show abso
lutely continuous completeness of the wave operators 
Wi (H 2' HD )· Since an eigenfunction expanSion has not 
been shown to exist for H 2 for nonspherically sym
metric potentials, we use Kodaira's theory of eigen
function expansions 4 for spherically symmetric po
tentials and consider direct sums over the angular 
momentum to establish. the relation between the wave 
operators W±(H2 ,HD )and the time-independent method. 

The notation we will use is introduced in Sec. 1. Some 
facts from the theory of eigenfunction expansion are 
reviewed there also. In Sec. 2 the theorems are pre
sented: Their proofs follow in Sec. 3. Appendix A 
gives formulas connecting three- and one-dimension
al expressions. In Appendix B we give a heuristic 
argument,for spherically symmetric V, which indi
cates that the wave operators W±(H 2' HD ) exist and 
are absolutely continuous complete when V satisfies 
Kodaira's criterion [see Eqs. (la)-(lc)] for the exis
tence of an eigenfunction expansion for H 2' 

For another approach to this problem the reader is 
referred to the article by Mulherin and Zinnes. 5 For 
the treatment of the existence and absolutely contin
uous completeness question, without the spherically 
symmetric restriction, see forthcoming work of B. 
Simon. For the case of systems described by poten
tials of the type e/r ex (0 < ex < 1) see Amrein, Martin, 
and Misra. 6 We also mention that results analogous 
to ours have been obtained by Green and Lanford7 

(see also Kuroda8 ) for the case Ve = 0, H2 = Ho + V. 

1. PRELIMINARIES 

Throughout this paper x, 9J denote elements of (R3 
while l1.,h will denote their magnitudes. We adhere to 
the Hilbert space terminology of Kato. 9 We consider 
the formally symmetric operators Hi (i = 0, 1,2), 
where H 0 is the kinetic energy operator, H 1 is 
Ho + Ve (Ve = c 1c2/r,the Coulomb potential),and 
H 2 = H 1 + V. V is a real- valued measurable function 
defined for x E (R3. The operators Hi act in £2«R3) 
and their definition as self-adjoint operators will be 
obtained either from a form-bounded or operator re
lative-boundedness condition. We will not change 
notation for the corresponding self-adjoint extensions 
of these operators. When we are dealing with a 
spherically symmetric potential V we can also con
sider these operators as direct sums,i.e.,H i = 
'L/,o EB Hl (i = 0,1,2), which act in the direct sum of 

leO 

the Hilbert spaces Jel. Je = 'L/,o EB Jel is isomorphic 
1=0 

to £2(6(3) (see Green and Lanford 7). The subspace 
Jel is the Hilbert space Jel = £2(0, (0) 0 £r(n), where 
£r (n) is the (21 + I)-dimenSional Hilbert space with 
orthonormal basis elements given by the spherical 
harmonics Yl ,,, (n), -l:s m :s l,and £2(0, (0) is the 

radial Hilbert space with measure al1.. Hi (i = 0, 1,2) 
acts trivially on the second factor. The definition of 
Hi (i = 0, 1,2) as a self-adjoint operator in £2(0, (0) 
will be taken from the theory of eigenfunction expan
sions as developed by Kodaira 4 which we will briefly 
review. These operators are self- adjoint restric
tions of the differential operators 

£! =_£ + l{l + 1) + V'(r), i = 0,1,2, 
, dr 2 r2 ' 

where Vo = 0, V{ = Ve,and V2 = Ve = Ve + V. For 
I = ° we are in the limit circle case so we impose 
the boundary condition u{o) = ° for u ED (H?). For 
the precise specification of the domains of these 
operators see Kodaira 4 or Stone .10 When V satisfies 
the conditions 

VCr) continuous on each closed subinterval 
of (0,00) (1.1a) 

VCr) ~ 0(1/r 2-E
) for r -; 0, E> 0, 

VCr) ~ 0(1/r 1 + E ') for r -; 00, E' > 0, 

(1. 1b) 

(1. 1c) 

then Hi (i = 0, 1,2) admit eigenfunction expansions, 
i.e.,for anYf E £2(0,00) (we suppress the ldepen
dence), 

N 

fer) = !.i.m. ~ uln{r) (U1n,!) 
n =1 

where uln are the orthonormal eigenvectors of the 
point spectrum of Hf and uJr, k) is a real continuous 
function of 11. (o:s 11 < 00) and h {h > O),which satisfies 

{Li-k2)ul{r,k)=0, k>O, 

uj{r,k)--'>C{k)r l +l, asr--'>O,k>O, 
(1. 2a) 

uo(r, k) = (2/n) 1/2 kr j I{kr) --'> (2/n) 1/2 sin(kr - In/2) 

as r --'> 00, k> 0, (1. 2b) 

uk, k) -; (2/n ) 1/2 sin(kr - (O'/k) log(2kr) - In /2 + 6 D 
as r --'> 00, i = 1,2, k > ° 

and 6i = arg[r (l + 1 + iO'/k)], 0' = c 1c2m. The 
position of the continuous spectrum of Hi for all i and 
1. is [0, 00) and is absolutely continuous. 

We denote the transform 

fi{k) = (F;f) (k) = l.i.m. J; ui(r, k)f{r) dr, 

f E £2(0, (0) (1. 3) 

(Fig)(r) = l.i.m. Jooou;(r,k)g(k)dk, g E £2(0,00). 

Note that F; is partially isometric and 

(1. 4) 

where Pi is the projection from £2(0,00) onto the con
tinuous spectrum (which is absolutely continuous) 
subspace of Hi and PI is the projection from £ 2(0, (0) 
onto F;(£2{0, (0). Formulas relating one-dimensional 
and three-dimensional quantities will be found in 
Appendix A. 
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We will also consider various generalized wave oper
ators acting in JC = £ 2«(R3). We let 

W (H H) 1· iH t -iHif 2 (1 ) 
± j' i = s- 1m e J e Pi' i,j = 1" . 5a 

t-'l> ±oo 

where Hi' Hj are self- adjoint operators and Pi is the 
projection operator on the subspace of absolute con
tinuity of Hi' We also will use the modified wave 
operators introduced by Dollard 2 which we denote by 

W (H H) - -1' ill it -iHD(t) 
± V D - S 1m e e , i = 1,2, (1. 5b) 

t-+- ± 00 

where e-iHD(t) is unitary (but not a one-parameter 
group) and 

HD(O =Hot + E(t)I/2e1e2(Hot11og(-4ItIHo)' (1.6) 

where E(t) == ± 1 for t "" O. When the wave operators 
Wi(Hj,Hj ), j = 1,2, f= 1,2,D exist andR(W

i
) are the 

absolutely continuous (continuous) spectrum subspace 
of Ht , then W± (H -, H j) will be said to be absolutely 
contInuous (con(inuous) complete, abbreviated acc 
(cc). When considering these operators acting on JCI 

="'Evo 
EB JCI they will be denoted by W = 'L';oo EB WI. 

1=0 i 1"0 i 

This notation is justified as a result of Kuroda8 

which shows that W ± exist if and only if W ~ exist 

for each 1 and when Wi exist, Wi = 'L';~o EB W £. 

2. RESULTS 

In part A of this section we give results on the exis
tence and completeness of wave operators deduced 
from the time-dependent wave operator approach. 
In part B we give time- independent results and the 
relation between the time-dependent and time-inde
pendent results. 

A. Time-Dependent Scattering 

Contained in Dollard's work is the following: 

Theorem 2.12: In JC = £2(<R3) we have that 

(a) The wave operators W±(H l' Hv) exist and are acc 
and cc. 

(b) For V E: £2«(R3) and real, W±(H2,HD) exist. 

We give the following extension of Theorem 2.1. 

Theorem 2.2: Let V = V2 + V' with V 2 E£2(<R3) 
and V' E: £00 (<R 3 ) n £P(<R3) (p < 3). Then the wave 
operators Wi (H 2' Hv) exist. 

With Ho,H l'H2 defined as direct sums over 1 and Hi, 
H~ defined as operator sums with !D(HD == !D(Hb), 
i = 1, 2, we state a previously obtained result as the 
following theorem. 

Theorem 2.311 : If V is spherically summetric and 
satisfies the condition 

J;r2 Iv(r)1 2dr + J: (1 +r)6IV(r)l i dr< rJ), 

i == 1, 2, (2. 1) 

for some R (0 s R < rJ) and some /) (0 < /) < 1), then 
the generalized wave operators W±(H2,H 1) and 
W±(H l' H 2) exist on £ 2«(R3) and are acc. Furthermore, 
if VCr) also satisfies Eqs. (la)-(lc), the above wave 
operators are cc. 
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Remark 2.1: In proving the first part of the above 
theorem we applied a theorem of Kuroda 12 for opera
tors. Kuroda 13 has an analogous theorem for forms 
which he used to extend Green and Lanford's results 7 

for the case of the wave operators W±(H 2' HI) with 
Vc = O. We have not been able to obtain the required 
estimates to apply this theorem which would allow a 
1L- 2+< (E> 0) behavior for Vat the origin. In Appendix 
B we give an argument which indicates but does not 
prove existence and absolutely continuous complete
ness in this case. 

Remark 2.2: With the condition of Eqs. (la)-(lc) 
imposed on V the continuous spectrum of H 2 is abso
lutely continuous from Kodaira's theory of eigenfunc
tion expansions. 4 Precisely to what extent the conti
nuity assumption of V can be relaxed and still have 
cc has not been investigated. 

Combining a modified version of the chain rule for 
generalized wave operators and Theorem 2.1, we 
have the following: 

Theorem 2.4: 

(a) Let V satisfy the conditions of (2.1). Then the 
wave operators W±(H 2' Hv) exist and are acc. 

(b) If V satisfies both (2.1) and (la)- (lc) then 
W±(H2,HD) exist and are cc. 

(c) In both (a) and (b) the scattering operator S = 
~ W_ is unitary. 

B. Time- Independent Scattering and the Relation to 
Time-Dependent Scattering 

We give these results in one-dimensional form and 
suppress the 1 dependence. The three-dimensional 
results are obtained by taking direct sums. Dollard's 
results on cc for the wave operators W±(H l' Hv) can 
then be stated as Theorem 2.5. 

Theorem 2.52 : Defining 

(U±(Hl'Hv)f)(r) == l.i.m. J U1(y,k)e~i61(k\Fof)(k)dk 

(1.i.m. with respect to the k integral means norm 
limit over a sequence [QI, J3] of k intervals, QI > 0, 
J3 < rJ), with QI ----> 0 and J3 ----> rJ) or 

U±(H 1 ,Hv )f = FieTiOlFof, 

then U±(H 1> HD) = W±(H 1> Hv )' 

(2.2) 

We are now in a position to establish the time-indepen
dent theory for asymptotically Coulomb potentials and 
the relationship to the time- dependent theory. We 
have the following theorem. 

Theorem 2.6: 

(a) Let V satisfy (1. la)- (1. lc) and define S' == 
F6e2i62Fo;thenS' is unitary. 

(b) Let V satisfy (la)-(lc) and (2.1). Define 
U,JH 2' HI) == F~ e±i (61-6 2 ) F Ion £ 2(0, rJ); then 
U±(H 2' HI) = W±(H 2,·H 1)' 

(c) With Vas in partb we have W±(H2 ,HD) = 
F~eTi62 Fo.Define S == ~(H2,Hv)W_(H2,HD); 
Then S =5'. 
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Remark 2.3: Knowing the eigenfunction expansion 
for H 2' such as having °2, we can always define a uni
tary operator by Fb e2i o2 F o' The important point is 
that the time- independent definition agrees with the 
operator S defined from the time- dependent theory. 

Remark 2.4: We expect the equality W±(H2 ,H 1) = 
U±(H 2' H 1) to be valid under the less restrictive con
ditions on V of (la)- (Ic) or more generally when an 
eigenfunction expansion is valid for H 2 and the con
tinuous spectrum is absolutely continuous. 

3. PROOF OF THE THEOREMS 

For the proof of Theorems 2.1 and 2.5 see Dollard. 2 
For the proof of Theorem 2.3 see O'Carroll. 11 

Proof of Theorem 2.2: We apply Theorem 3. 7, 
p. 533 of Kato. 9 For a fundamental subset in L2(R3) 
we take the space of functions 8 C S(}t3) used by 
Dollard,2 where f(x) E: 8 if fo(q) vanishes in a neigh
borhood of q = O. For h E: 8 we show that 

1:(V2 + V')e-iHn(t)hI12~ IIV2e-iHn(l)hI12 

+ IIV'e- iHn (t)hI12 (3.1) 

is integrable on [lo' co] where to> 1. We use Lemma 
2 of Dollard2: Let h E 8. Then, in the system of units 
used in the introduction for I t I 2: to' we have 

(e- iH n(l)h)(X) = (1/2it)3/2 ¢c (x) ho (x/2t) 

+ (1/4 1Tit ) 3/2 eix2j4tRh(x' t), (3.2) 
where 

¢c(x) == exp{ix 2/4t) exp{-iE(l)e 1e2 1og(x2/ltl)t/2x} 

and for any integer n there exists a number J.L 2: 0 and 
a constant K, depending on h, such that 

Returning to (3. I) we find 

II V 2 e -iHn(l)h 112 ~ II V 2 112 II e-iHn(t)h 1100 

s IIV2112{(2tt3/21IhI11 + K(log Itl)llt-2} (3.4) 

which is integrable on [to' co). The second term on 
the right side of (3. 1) is found to satisfy 

liV' e-iHn(t)h 112 

s II V' ¢c (x)(2tt3/2ho(x/2t) 112 + III V' I (2tt3 / 2 1 Rh 1112 

= II V'2(2t t 3 1R h 12 11F2 +1' 

S II V'2 IW2 r 3/ 2 (log I t 1)1' i-1/ 2 t 3/ 2p' J1/2p' + I' 

s K"{(loglt 1)I'/t 2 - 3 / 2P '} II V' 11 2P + 1', (3.5) 

where 

p-l + p'-l == 1, 1== Joo y2(1 + y2t2p'n dy 
and a 

l' == II V' CPc (x) (2tt3/ 2 ho(x/2t) 11 2 , 

We have used the Holder inequality in going from the 
first to the second line of (3.5). For p < 3/2, p' > 1 
so that the first term of (3.5) is integrable on [to' co). 
The second term can be taken care of by the use of a 
formula due to B Simon. Using the fact that 

II (2tt3/2ho(x/2t) 112 == Ilho 112 = Ilh 11 2, 

II (2tt3!2 ho(x/2t) 1100 s (2tt3!2 II hill' 

and the Riesz- Thorin 14 convexity theorem we obtain 
Simon's formula: 

II (2tt3!2ho (x/2t) lip' ~ Kt-3(1-21p')/21Ih lip 

for p-1 + p'-l = 1, 1 s P s 2. Thus with s-l + s'-1 = 
1 and using the Holder inequality we have 

Ilv' CPc (x) (2tt3/2ho(x/2t) 112 

s II V'211;~2 II (2tt3!2ho(x/2t) 1125 

s K' II V' 11 2s ' t-3/ 2s '. (3.6) 

Equation (3.6) is integrable for s' < 3/2 as V' is 
assumed to have finite p norm for some p < 3. 

Proof of Theorem 2.4: (a) From Theorem 2.1a 
we have that W±(Hl'Hn ) are acc and cc. From The
orem 2.3 we have that W±(H2 ,H1) are acc. We prove 
the chain rule (valid although H net) is not a one
parameter unitary group): 

W±(H2 ,H 1) W±(H 1,Hn) = W±(H2 , Hn). (3.7) 

Let P 1(P2 ) be the projection on the absolutely contin
uous spectrum subspace of H 1(H2 ). As W± (Hl>Hn )X 
= PIX and W± (H2 ,H1) are acc then W± (H2 ,H )X= 
P2X,Le.,W± (H 2 ,Hn ) are acc. We establish (3.7) for 
t ~+ co. We have W+(H2 ,H1) W+(Hl>Hn ) = s-lim 
eitH2P1 e-iHn{t) as t ~ co. For v E: L2(R3), we find 

II W+(H2 ,Hn )v - W+(H 2 ,H 1) W+(H pHn)V II 

Ill ' (iH2IJ -iHn(t) iH2tp -iHn(t» II = 1m e e v - e 1 e v 
t .... 00 

= lim II (J - PI) e-iHn(t) v II 
t ..... 00 

= lim Ii eiH1t (J - PI) e-iHn(t) v II 
t ..... 00 

(3.8) 

Equation (3.8) is zero since W+(H pHD) is acc which 
implies W+(HpHD) = P 1W+(Hl' Hn )· 

(b) From Kodaira's theory of eigenfunction expan
sions,4 the absolutely continuous spectrum subspace 
of H 2 corresponds with the continuous spectrum sub
space that W±(H 2' Hn) are cc. 

(c) In both (a) and (b), W±X= P 2 Xso that S = w:W_ 
is unitary. 

Proof of Theorem 2.6: We first give two lemmas 
which will be used in the proof of part b. 

Lemma 3. 1. Let u(r, k) be the solution of 

[-d 2/dr2 + l(l + 1)/r2 + V(r)]u = k 2u 

used in the eigenfunction expansions of Sec. 1 with V 
satisfying the conditions of (la)- (Ic) such that 

u(O, k) = 0 
and 

u(r,k) "" (2/7r)1/2 sin[kr- l11/2 

+ (a/k)ln2kr + o(k»), r~co. 

J. Math. Phys., Vol. 13, No.7, July 1972 
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Then u(r, k) is continuous in «r, k): r ~ 0, k > 0) and 
is bounded in the setD' = (r,k): O:s r ~ r 2, 
o < kl ~ k ~ k 2) with the bound 

where V(r) '" 0(1/r 2- E
) as r ~ O. 

Proof of Lemma 3.1: Following Sec. 22. 25 of 
Titchmarsh 15 we solve the integral equation 

y(r,k) = k-I-1/2rl/2JI+1/2(kr) - (11/2) 

(3.9) 

x 1; [JI+l/2 (kr) Y I+l/ 2 (ks) - J I+1/2 (kr) 

x y 1+ 1/2 (ks)]r 1/2 S 1/2 V'(s) y(s, k)ds (3.10) 

by iteration with V'(r) = a/r + V(r), and y(r, k) is the 
solution which behaves as rl+l as r ~ O. We easily 
findy(r,k) ~ C'rl+leyf

/ f inD'. From Theorem 5.3 
of Kodaira4 

u(r, k) = (2/1T) 1/2·1 k/ A(k) 1 y(r, k), 

where A(k) is continuous in [kI' k21 and nonzero so 
the theorem follows. 

Lemma 3.2: Let V satisfy (la), (lb), and (2.1) and 
have compact support. 

Let 

h(r, k2 + iO') = (R 1 k2 + ia Vu 2 ) (r, k), , 
where the resolvent operator R 1 k 2 + ia = 
(H 1 - k2 - iO' r 1 is an integral operator in L2 (0, 00) 
with kernel G l(r, r', k2 + iO') (a ;c 0). Then 

lim h (r, k2 + iO') = (R l,k2 Vu 2 ) (r, k) 
0-+0+ 

uniformly in anyD = «r,k): 0 <r 1 ~ r ~ r 2, 
o < kl ~ k ~ k2), where R 1, k2 is the integral opera-
tor with kernel G 1 (r ,r' , k2 ). 

Proof of Lemma 3.2: From Theorem 20.21 of 
Stone 10 the resolvent operator (H 1 - X r 1, lmA ;c 0 is 
an integral operator of the Carleman type, denoted by 
GI(r,s,X),given by 

{

U1 (r,T)W 1 (S,T)/W(Wl>U 1)' 0 <r <s 
G 1 (r,s,x) = 

w 1 (r,T)u1 (S,T)/W(wl>ul)' 0 <s <r 
(3.11) 

where u 1 (r, T) and W 1 (r, T) are independent solutions 
of (L1 - X)y = 0, T = (X) 1/2, and W(w pU1) is the 
Wronskian. In Messiah's 1 notation, two linearly inde
pendent solutions are 

Fl(a/T, Tr) = cleiTY(Tr)l+l 

x F(l + 1 + i(a/T)12l + 21--2iTr), 

Gl(a/T, Tr) = vl(r, T) 

= cleiTT(Tr)I+IG(Z + 1 + ia/T12l + 21- 2irr) (3.12) 

with ReT> O. F and G are confluent hypergeometric 
functions and 

c1(1/T) = [2 1/2l + 1)!1 exp(-i 1Ta/T] I r[l + 1 = (ia/T)\. 

Since F({3lrlp) is entire in (3 andp,and G({3lrlp) is 
entire in {3 and analytic in p except for - 00 < p ~ 0 
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(see Lebedev,16 pages 261-65),F
1 

and G
1 

are COO in 
the three variables (r, k, a) where r E [0,00) for Fl 
r E (0,00) for G 1 and k E (O,oo),where we set X = 
k2 + i a, ReT > O. For 0'> 0 we have 

wl(r,T) =u+(a/T,Tr) = [Gz(a/T,rr) + iF1(a/T, Tr)] 

x [argr(l + 1 + (ia/T»] 

ul (r, T) = (2/1T )1/2 F1(a/T, Tr) ;W-l(w l' Ul) 

= (11/2)1/2(1/T)[argr(l + 1 + ia/T)]. (3.13) 

The above considerations show that 

lim u1 [r, (k
2 + iO')I/2] = u1 (r, k) 

0' .... 0+ 

uniformly in any domain 0 < k1 ~ k ~ k2' 0 ~ r ~ r 2 
and that 

limw 1 (r,(k2 + iO')1/2) =w1(r,k) 
0'-.0+ 

uniformly in any domain 0 < k1 :5 k:5 k2' 0 < r 1 
:s r :5, r 2 • Thus 

lim G 1 (r, s, k2 + i a) = G 1 (r, s, k2 ) 
0'-.0+ 

uniformly in any domain 0 < r t :S r :5 r 2' 0:5 S :5 S 2' 

o < kl :5 k:s k2. Let suppV c 0, S2]' We have 

1000 

IV(s)u2 (s,k)lds:5 C' 1;2 s2V2(s)ds = C" < 00 
so that (3.14) 

V(r)u2 (r,k) E L2(0,oo) and V(r)u2 (r,k) E L1(0,oo) 

with a bound C" which is uniform in 0 < kl :5 k:5 k2. 
We find 

supp Ih(r,(k2 + ia)1/2) - h (r, k) I 
D .s 

:5 supp J
0

2 IG 1 (r,s,k2 + iO') 
D 

- G 1 (r,s, k 2)\IV(s)u2(r, k) Ids 

:5 C" supp I G 1 (r, s, k 2 + i 0') - G 1 (r ,s, k 2 ) I, 
D 

which suffices to establish the lemma. 

Proof of Theorem 2. 6(a): This is obvious. 

Proof of Theorem 2. 6(b): As this proof is rather 
lengthy we give a brief outline. In Part I we prove 
the theorem for a continuous, cutoff V, denoted by Vn ' 
with supp Vn e[o, n + 1]. The equality 
W ±(H 1 + Vn , HI) = U±(H 1 + Vn ' HI) is established fol
lowing a method of Ikebe 17 and uses previous results 
on the existence and cc of the wave operators 
W±(H 2' H 1).11 In Part II, following Kuroda 8 , a limiting 
procedure is used which allows us to prove the result 
for v. 

Part I: We will prove 

W±(H 1 + Vn ,H 1)= F~ eii
(61-6 2 ) F 1 = U±(H 1 + Vn,H 1) 

(We suppress the n dependence of F~ and 62) for a 
continuous cut-off potential defined by 

\ V(r),' 0 < r ~ n 

Vn(r) = ~ [sgn V(n)] min(1 V(r) I, I V(n) I (n + 1 - r», 

(n ~ r ~ n + 1 0, n + 1 ~ r < 00. 
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With this definition, I Vn(r) I ::;1 V(r) I. Throughout Part 
I we let f EO CO'(O, (0)' and g is such that F 19 EO 
CO'(O, (0)', where CQ(O, (0)' is the set of all Coo func
tions with compact support contained in (0, (0). Fur
thermore we consider only the t -7 - 00 case, the proof 
for t -7 + 00 is similar. With f and g as above we fol
low Ikebe17 (see Sec. 11) to establish that U±(H1 + 
Vn ,H1 ) are well defined. We have 

roo i(6-6 ) 
(U_g)(r) = Jo u2(r,k)e 1 2 (F 1g)(k)dk 

= F~ei(62-61) F
1
g, (3.15) 

(U!f) (r) = J;;" u1 (r, k) ei(6 1-62 ) (F 2f)(k)dk 

- F* i(61-6 2 ) F f 
- 1 e 2 ' 

which can be extended to all f , g EO L2( 0, (0) by writing 
l.i.m. in front of the integrals. Note that 

U_(L2(0,00» c P 2 (L2(0,00», 

u'! (L2 (0, (0» C P 1 (L2(0, (0)). 

We also have that 

We will now derive 

Starting from 

U* W l' U* i(H1+V)t -tH1p _ _ = s - 1m _ e n e 1 
t-» -00 

(3.15'a) 

(3. 15'b) 

(3.16) 

(3. 17) 

and, using the existence of the strong limit, the fact 
that u 2 Vn EO L2 (0, (0) and that P 1F 1 = F l' we arrive 
at 

(U~W_f,Plg) = (U~f'Plg)+lim J;;"(f,R 1 k2+io Vnu 2) 
6-0+ , 

x (F 1g)(k)e i (6 2 -6 1 )dk. (3.18) 

By Lemma 3. 2 we can pass the limit inside the inte
gral and inner product of (3.18) obtaining 

(U~ W_f,g) = (U~ W-f,P 1g) 
roo -i(6 -6 ) roo -

=Jo e 12 (F 1g)(k)Jo f(r) x¢(r,k)drdk 
(3. 19) 

with +1 

¢(r, k) = u2 (r, k) + fa G 1 (r, r' , k 2) Vn (r') 

x u 2 (r',k)dr', k;;t 0, 

where G 1 (r, r' , k2 ) is given by (3. 11). For fixed 
k (k ;;t 0) we see that G 1 (r, r' , k2 ) is a bounded con
tinuous function in a neighborhood of the r, r' origin. 

Thus ¢(r, k) is continuous in 0 ~ r < co and bounded 
at the origin. Furthermore, (L 1 - k 2 ) ¢ (r, k) = 0 so 
¢(r, k) = ck u 1 (r, k). Using the explicit form of 
G 1 (r,r',k 2 ) [see (3.11) and (3. 13)],we have 

¢(r,k) = (u 2 + Kw1)(r,k) for r ~ n + 1. 

Thus, comparing the e ikr part of the asymptotic 
form of u2(r, k) and u 1(r, k) for r -) co,we find ck = 

e i (02 - 01). Equation (3.19) becomes (U~ W_f ,P 1g = 

Joo (F 1g)(k) JOO

j(r)u1(r,k)drdk=(Pd,g). 
o 0 

By (3.15b), 

PI U! = PI sO (U~ W_f, g) = (Pd,g) 

for arbitrary f and g dense in L2 (0, (0). Thus we have 
the L2 (0, (0) relation 

(3.20) 

Using (3. 20), we see that it is easy to show U _ = W_ . 
From Theorem 2.3 it follows that W_ is ace, so that 
W_W~ = P 2 • Thus 

U~W_W~ = P1W~ = U~ P 2. 

Taking adjoints we have P 2U- =W_P 1 • Using (3. 15a) 
we obtain U_ = W_. We have established on L2(0,00) 
that 

(3. 21) 

In (3.21) we have resurrected the n dependence of F~ 
and 02' In what follows F 2 and 02 will be associated 
withH2 =H1 + V. 

Parlll: We will follow a method of Kuroda8 which 
allows passage to the limit n --) 00 in (3. 21), obtaining 
U-<H 2,H1) = W_(H 2,H1). We will prove the following: 

s-lim W±(H1 + Vn ,H1) =W±(H2,H1), (3.22) 
n'" 00 

lim 02 (k) :::: 02 (k) [uniformly in (0, co)], (3.23) 
n"'oo 

s-lim F~e±i(01-0~) Fl = F~ e±i(ol-o2) F 1.(3.24) 
n ... oo 

From (3.21), (3. 22), and (3.24) part b of the theorem 
follows. 

Proof of (3.22): By Theorem 2 of Kuroda 12 it is 
sufficient to show that I V - Vn 11/2 (H I - X)-1 is 
Hilbert-Schmidt and 

lim III V - Vn 11/2 (HI - x)-lli H_s = 0 
n'" 00 

for some X (which we take to be real) in the resolvent 
set of H 1. Since I (V - Vn) (r) I::; 21 V(r) I and 

IllvII/2(H 1 - x)-IIIH_s<oo' 
we have 

III V - Vn 1112 (HI - xt 1 II ~-S 
::; 2111 V 1112 (HI - X) II ~-S < 00. 

The Lebesgue dominated convergence theorem gives 

lim III V - V 11/2 (H 1 - X)-l1 112 _' 
n-co n HS 

= 0 so that s-lim W±(H1 + Vn ,H1) = W±(H2,H1). 
n'" 00 

Proof of (3.23): Let u2 (r, k) satisfy 
(L I + Vn - k 2 ) u~ = 0 with the boundary and asymp
totic conditions 
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lim u~ (r, k) == 0, u2 (r, k) ~ (2/7T)1/2 
r ... O 

(L l + Vn - k2)u~ = 0 and u~(r,k) ==u2(r,k) 

sin[kr - (Z7T/2) + (a/k) In2 (kr) - o~ (k)] for 0 -'S r -'S n. 

as r -'7 co. Let u~ (r, k) also satisfy We find for r ;;,. n + I 

(ii~ - u2 ) (r, k) 

==W(Ul'lll)-1 (1:+1 K 1(r,s,k)[V(s)u2(s,k)- Vn(s)u~(s,k)]ds + J:+ l Kl(r,s,k) V(S)U2 (S,k)dS) (3.25) 

with Kl(r,s,k) ==ul(r,k)vl(s,k)-ul(s,k)vl(r,k). 

Kuroda8 derives a formula analogous to (3.25) for 
the case a == 0 which is correct only for 1 = O. How
ever, using the appropriate kernel for 1 7- 0, his argu
ment goes through. Since Vn (r) = V(r) for 0 -'S r -'S n, 
we readily obtain 

where the cnk can be chosen positive. 

Starting from (3.25) we derive 

lim (ii~ - u2 ) (r, k) = 0 uniformly in 0 -'S r < co 

(3.26) 

n'" 00 

and 0 < kl -'S k -'S k2 • 

Hence, by virtue of the asymptotic forms of ii~ and U2' 
and the periodic property of the sine function, we get 

lim {[sin[kr- il7T + (a/k)ln2kr- 02] 
n-+oo 1 

- cnksin[kr- "217T + (a/k)ln2kr- o~n = 0 

uniformly for aU rand 0 < kl -'S k -'S k 2 • This readily 
implies 

lim o~ (k) == o(k), lim cnk = I (3.27) 
n-+ 00 n--+ 00 

uniformly for 0 < kl -'S k -'S k 2 • Then (3.26), (3. 27) 
also show that 

(3.28) 

uniformly in r and in 0 < kl -'S k -'S k2 • 

Proof of (3.24): Kuroda8 states that (3.24) can be 
proved (when a = 0) using a standard argument. We 
have not been able to construct his argument, so we 
prove (3.24) directly. Let 

g=Fd, gEC~(O,CO)I 

and set (for the t -'7 - co case) 

hn (r) = (F~* e(o~-ol)F If) (r) 

roo n ( k) (o~-ol) (k) dk = Jo u 2 r, e g . 

From (3.27) and (3. 28),we have 

lim hn(r) =h(r) =J;u2(r,k)e i (02- 0
1
Jg(k)dk 

n"'oO 

uniformly in r E [0, co). Equations (3.21) and (3.22) 
guarantee the existence of an hi such that 

lim llhn - hill = o. 
n"'oO 

Equation (3.24) is readily established by showing that 
h = hi. 
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Proof of Theorem 2. 6(c): We first show that 

W±(H2,HD ) = W±(H2,H 1) W± (H l'HD ) 

-F* ±i(01- 02)F F* +io1F - 2 e 1 Ie 0 

=F~ e+io2FO' (3.29) 

To show (3.29), it is sufficient to show that P 1 
F 1 Fi acts as the identity in L2 (0, co). This follows 
since 

{u, W; (H I,HD ) W±(H l>HD ) v) = (u, v) 

= (e +i0 1 F ° u, e .i0 1 F ov) 

( 'io, F * +io ) = e ou,F 1F 1 e IFov 

and e'fio l Fo is onto L2(O,co). To show that 

S == W!(H2,HD )W_(H2,HD ) = F6 e it2 F2F~ei02 Fo 

=F6ei202Fo' (3.30) 

it is sufficient to show that F 2 F~ acts as the identity 
in L2(0,co) in (3.30). This follows from (3.29) and 
the fact that e fio 2 F ° is onto L2 (0, co) since 

(u, W: (H2,HD ) W± (H2,HD ) v) = (u, v) 

= (e'l'icS 2 F ou,e'l'icS2 Fov) 

= (e'l'icS 2 F Ou,F2F~ e'Fi02 F 0 v). 

APPENDIX A 

We give formal expreSSions in three- and one-dimen
sional form corresponding to those used in the text. 
A generalized Fourier transform in three dimensions 
we write as 

fi (q) = 1~i (x,q)f (x)dx, i = 0,1,2. (Al) 

Equation (AI) gives a mapping from £2 «(R3) onto the 
continuous spectrum subspace of Hi' In addition to 
the kernel <Pi(x,q) == <Pi (x,q),we also have the re
lated kernel ~i(x,-q) == <.Pi (x,q). These kernels have 
the expansions 

<.pi(x, q) = (kr)-1 

~ ·z 'fiol(k) z - A A 

X LJ Z e ut(r,k)YZm(q)Yzm(x). (A2) 
leO 

Iml < I 

T~e radial functions u i (r, k) have a phase shifted 
e,kr asymptotic part for i = 1, 2;for i = 0, 0b(k) = 0 
for aUl,oi(k) = argr[l + 1 + (ia/k)] with a = 
ele2m. <P6(x,Q) = (27T)-3/2 eiq,x,the kernel of the 
£ 2( (R3) Fourier transform, and 
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<1>i(x,q) = (21i)-3/2 eiq.x e-7fa / 2k 

x r(1 + iex/k) F(-iex/klll ikr - iq.x), (A3) 

where F is the confluent hypergeometric function. 
The asymptotic form of <1>i (x, q) is 

<P1(X,q) ~ <1>1. (x,q) + <1>1 (x,q), 
lonc sc 

Ir- q'xl---c> ro, 

(A4a) 

<1>1 (x,q) = {21i)-3/2 exp{i[q·x + ex log(kr-q'x)/kj} 
Inc 

X [1 + (ex/ik 2)(kr- q·x) + "'j, (A4b) 

<1>i (x,q) = (21i)-3/2(-ex/k)(kr- q'xt 1 r(1 + iex/k) 
sc 

X (r(l- iex/k»-l exp{i[kr- ex log(kr- q'x)/kj} 

= (21i)- 3/2 r- 1 exp{i [kr - ex log(2kr)/k]} fck ' 

(A4c) 
where cose = ij' x, x = q', and 

fCk (e) = (- ex/k) [2k sin2{e/2)j-1 exp{-i (ex/k) 

X log[sin2(e/2)j + 2ion 

= (- ex/k) {2k)-1 [(1- cose)/2j-1-ia/ k 

x exp{2io~) (A4d) 

is identified as the Coulomb scattering amplitude. 

As sesquilinear forms, the <1>1 (x, q) obey 

f~~ (x,q') <1>1 (x,q) dx = 0 (q' - q) 
00 

+ k- 2 6 (k' - k) ~ Y1m (ij) Yzm (q'). (A5) 
z~ 0 

I ml < z 

The time-independent operators of Eq. (2. 2) in three
dimensional form are 

(U±(Hl'HD)f) (x) = f <1>l{x,q) (j~o(x',q)f(x')dx') dq, 

(A6) 

(U:{Hl'HD)f) (x) = f <1>o{x,q) (j~i{x',q)f{x')dx') dq. 

(A7) 

Also in (2.3) we have 

(U JH2,H l)f)(x) = f <1>~ (x,q) (j~i (x' ,q)f (x') dx') dq 

(A8) 

(Ui(H 2,H1)f)(x) = f <1>i{x,q) <f <1>~{x' ,q)f{x/)dx') dq. 

(A9) 

Then with U±{H2,HD) = U±{H2,H1) U±{Hl>HD),we 
have 

(AI0) 

The S' operator of Theorem 1. 6 as a sesquilinear 
form in three-dimensions is 

(g,S' f) = (U+{H2,HD)g, U_{H2,HD)f) 

= jiio{q') (r4!2{X,q') <1>2 (x,q)dX) fo(q)dqdq'. 
(All) 

Taking into account (A2) we have the one-dimension
al form of (A6)-(A10) where we will suppress the I 
dependence: 

(U±{H1,HD )f)(r) = f;: e,io j(k)u1(r,k)(F of){k)dk 

== (Fre
TiOj Fof)(r), (A6') 

(Ui{Hl>HD )f)(r) = (F6 e ±iO j Ftf)(r), 

(U±{H2,H1)f)(r) = (F~eTi(02-6j) F1f) (r), 

(Ui (H 2,H l)f) (r) = (F! e,i(02-0j) F 2f) (r), 

{U ± (H2,HD)f) (r) = (F~ e'fi02 F of) (r). 

(A7') 

(A8') 

(A9') 

(AI0') 

Now returning to (All) we substitute the expansions 
of (A2) to obtain 

(g,S'f) = fg o {q')k-2 0{k'- k) 
00 

X z~ [e2i64lk>Yzm(q)Yzm{t]')]Jo{q)dqdq'. (AI2) 

Iml~z 

Using (A5) and 6 (E' - E) = (2k )-1 0 (k' - k), we then 
have 

(g,{S'- I)f) = fgo{q') [-21ii o{E' - E) 

x T{q', q; k = k')]f 0 (q) dq dq', (AI3) 

where the scattering amplitude fk (fr ij') is given by 
00 

fk(q'q') =-21i2 T{q',q;k = k') = {2ik)-1 ~ (21 + 1) 
z,;,o 

x {exp[2 io~ (k)] - I} Pz (q. ij'). (AI4) 

The scattering amplitude of (AI4) makes up part of a 
kernel of a sesquilinear form and, as such, is well 
defined. However, from a physical point of view, we 
are interested in its properties as a function of k and 
~. ~'. Unfortunately we have not been able to rigor
ously show that (AI4), in the case V = 0, agrees with 
(A4d). 

APPENDIX B 

We give a nonrigorous argument that indicates that 
the wave operators W±{Hj ,Hi) (i,j = 1,2) exist and 
are absolutely continuous complete under the assump
tion that V is spherically symmetric and satisfies 

1 V 1 ~ f{ (r- 2+< + r-l-E), € > O. 

We use a technique of Kuroda 12 which he success
fullJ:: used for the case V = O. By Kuroda's theorem 
for forms to show absolutely continuous completeness 
and existence of the wave operators, it is sufficient 
to show that 1 V 11/2 (H 1 - A) 1/2 is Hilbert-Schmidt 
for some A < inf (spectrum of HI)' Using the repre
sentation 

= lim ( t uzm(r){uzm,f){Am-A)-1/2 + J:-1 u 1{r,k) 

n"'OO m~O X (Ftf){k) (k2 -A)-1/2 dk), 

IE C~{O,ro), 
we have III V 11/2 {H 1 - A)-1/211~_s = S + I, where 

00 

S = ~ (u zn , I V I Uzn)(A n - A)-1, 
n~O 
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1= J: J; 1 V(r) 1 uI (r, k) (k2 - A)-ldkdr. 

Choosing A such that SUPP(An - A) < 1, we find the 
bound 

S:s 1: [(uln,r-2uln) + (uln,r-1uln)1 
n 

:s 1: [(21 + 1)-ln-3 + n- 21 < 00. 
n 

Using the more natural variables p = kr, we have 

where 

1 V(p/k) 1 :s /{ (k2-€p-2+€ + k1+€p-h), 

IV(p/k) l(k2 - A) k-1 

:s /{' k€ (1 + k)-1-2€ (1 + p)1-2€ p€-2. 

Recalling that 

u1(p,k) IT. cle iP pl+1F(l+ 1 + iO!/kI2Z+ 21- 2iP), 

where 

c1 IT. e- 1f U/2k 1 r (l + 1 + iO!/k) 1 
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It is shown that Weyl's geometry and an apparently similar geometry suggested by Lyra are special cases of 
manifolds with more general connections. The difference between the two geometries and their relationship 
with Riemannian geometry are clarified by giving a global formulation of Lyra's geometry. Finally the outline 
of a field theory based on the latter geometry is given. 

1. INTRODUCTION 

Shortly after Einstein's general theory of relativity 
WeyP suggested the first so-called unified field 
theory based on a generalization of Riemannian geo
metry. In retrospect, it would seem more appropri
ate to call Weyl's theory a geometrized theory of 
gravitation and electromagnetism (just as the general 
theory was a geometrized theory of gravitation only), 
rather than a unified field theory. It is not quite 
clear to what extent the two fields have been unified, 
even though they acquire (different) geometrical sig
nificances in the same geometry. The theory was 
never taken seriously because it was based on the 
concept of nonintegrability of length transfer, and, as 
pointed out by Einstein, this implies that spectral 
frequencies of atoms depend on their past histories 
and therefore have no absolute significance. Never-
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theless, Weyl's geometry provides an interesting 
example of non-Riemannian connections, and recently 
Folland2 has given a global formulation of Weyl 
manifolds thereby clarifying considerably many of 
Weyl's basic ideas. 

In 1951 Lyra3 suggested a modification of Rieman
nian geometry which bears a remarkable resemb
lance to Weyl's geometry. But in Lyra's geometry, 
unlike Weyl' s, the connection is metric preserving 
as in Riemannian geometry; in other wordS, length 
transfers are integrable. Lyra also introduced the 
notion of a gauge and in the "normal" gauge the cur
vature scalar is identical to that of Weyl. It is thus 
possible4 to construct a geometrized theory of gravi
tation and electromagnetism much along the lines 
of Weyl's "unified" field theory without, however, 
the inconvenience of nonintegrable length transfer. 


